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ABSTRACT 
Some known analytical solutions for a cascade shower were used for 
determining the intensity of excess electrons’ radio-emission. It is shown 
that the energy spectrum has a sharp decline in the region of high 
frequencies.  At  a  usual  root-mean-square  radius  of  the  disk  within  the  
Moon’s regolith ~ 0.06m the maximum of the spectrum is in the region ~ 
0.5-0.6 GHz  while in the range 2-2.5 GHz the pulse’s amplitude drops by 
5-6  orders.   This  fact  is  a  consequence  of  loss  of  coherence  due  to  finite  
dimensions of the cascade disk and demands conducting a significant 
correction of “radio-frequency window” for measuring cosmic rays’ flux 
with a radio telescope.   
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It is known that motion of a charge with super-light velocity in a dielectric is 
accompanied by Cherenkov radiation.  In an idealized model of Cherenkov radiation at 
motion of a point charge with constant velocity through a homogeneous matter the 
duration of emitted radio pulse is indefinitely small and the radiation spectrum is 
practically unlimited if the angle of observation is  )n/1arccos(=q .  A real  system of 
charges has finite dimensions, a limited region of motion and an observation angle 
different  than  the  Cherenkov  one.   In  this  paper,  these  emission  parameters  are  
investigated for a real object, which appears during the formation of a cascade shower 
of ultrahigh-energy particles ( eV1010 2216 ¸ ) in a gaseous or solid media. As a result 
of its interaction with the environment a clot of electrons and positrons, having in the 
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maximum  stage  of  the  shower  values  quantities  of  the  order  of  137 1010 ¸ , is being 
formed. This cluster has the shape of a disk and moves faster than the speed of light in 
this environment. The thickness of the disk is thousands of times smaller than its radius. 
The highest charge density is achieved in a typical disk at its center, and one may 
approximately assume that the particle distribution has axial symmetry. Due to various 
processes associated with interaction of atoms of the medium with the particles of the 
shower, an excess of electrons in the disk is created whose energy corresponds to the 
Lorentz factor g >> 1 [1]. Therefore, the motion of particles of the disk, even in such a 
rarefied medium as the Earth's atmosphere, is accompanied by a coherent Cherenkov 
radiation in radio frequencies, because in standard atmosphere, with the rate 
10050~ ¸g  its velocity is greater than the velocity of electromagnetic wave [2].  
Knowledge of the characteristics of the radiation field of the cascade disk is of 
interest in connection with the attempts to use coherent radiation for the detection of 
cosmic rays of ultrahigh energies. In this regard, since 1965, experiments were 
conducted studying the radio emission produced by extensive air showers (see, for 
example, the survey [3]). In [4] for the first time appeared the idea of the possibility of 
recording a radio pulse, caused by ultrahigh-energy particles on the Moon's surface 
using a radio telescope. Currently there are about a dozen experimental studies, but 
none of them have reliably reported signs of radio pulses from lunar origin [5 - 12]. 
 A detailed study of the characteristics of the radiation with the help of software 
systems has been carried out in [13], whose results so far are essential for conducting 
experimental work. Parametrization of the field at the Cherenkov angle of observation 
is presented in this paper by the expression  
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where GHz5.00 =n . The energy power spectrum of this radio pulse in relative units is 
shown in Fig.5 (curve 1).  
Subsequently, these results were slightly modernized, but the main feature has 
remained virtually unchanged. It’s the increase in the energy power spectrum 
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 up to ~10-100 GHz   [7,12] without a significant decrease. And 
consequently in later experiments the frequency range for the registration of radio 
pulses was chosen to be in the region of several GHz or even higher [10]. 
 
On the pulse duration. 
 
Model of a shower in the form of a disk propagating in a homogeneous medium leads to 
some conclusions about the duration of the radio pulse. On Fig.1 АВ is a disk with an 
excess of charged particles moving in the direction of vr .  AD and  BC  - direction of 
radio waves incident on the antenna CD.  
                             
           Fig.1.  Emission of the cascade disk at Cherenkov angle 
 
ОА=ОВ - rms  radius  of  the  disk.   Since  its  thickness  is  much  smaller  than  the  
wavelengths considered here, we can assume that each point of AB emits coherently, 
and in the direction of AD and BC the phase difference of the extreme points of the disk 
is determined by the time t of wave propagation in the area of AE. On this basis, we can 
write Chsinn)v/AB( q»t , where n=1,7 - index  of  refraction  and  v~c  - the speed of 
light in the lunar regolith. For typical sizes of AB ~ 12cm we ge length close to the 
value ns55.0s105.5 10 =´=t - . This duration differs significantly from the results of 
calculations [13].  This refers  to the following.   Expression (1)  allows building a radio 
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pulse as a function of time using the Fourier transform. The phase required for this is 
presented in Fig. 16 [13]. According to [13] in the frequency range 0 - 10 GHz the 
phase varies by no more than 40 degrees. It means that the phase dependence on 
frequency can be almost neglected, and we can write the inverse Fourier transform in 
the form of  
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The result of this recovery is shown in Fig.2 (curve 1).  
          
       Fig.2. Pulse of the field strength, obtained from expression (1) -  
         curve 1, and the intensity corresponding to the spectrum (13) -  curve 2. 
         The scales on the axis Е(n)  arbitrary  
 
The time of the field strength step at t = 0 reaches infinitely small values  ( ns10 1-< ) 
when GHz101 ®w .  This  fact  could  explain  the  growth  of  the  spectrum to  such  high  
frequencies (~ 10 GHz). However, above this frequency, the phase is unknown and so 
this explanation is not convincing. However, the expression (2) for the upper 
limit GHz101 =w  shows that  the time of the jump is  0.08 ns.  This data,  together with 
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the expected duration ns55.0s105.5 10 =´=t -  is  very  alarming  and  stimulate  to  
review the expression (1) and modernize it, as it’s performed in several works. 
For example, in the experiment GLUE [7] they used the parametrization of the 
spectral energy in the form of a radio pulse (Fig.3, curve 1) 
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where GHz5.20 =n . In the NuMoon project [11] they used parametrization (Fig.3, 
curve 2) 
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where GHz5.20 =n  and in the RESUN project (12) they calculated the intensity 
according to expression  (Fig.3, curve 3) 
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where GHz23.20 =n . The spectra (3-5), as shown in Fig.3, remained practically 
unabated up to 100 GHz, and this fact raises serious doubts. There is no physically 
based reason for this strange behavior of spectral functions.  
                             
                   Fig. 3. Spectra 1 - 3, respectively, for the papers [7,11,12] 
                       shown in arbitrary scale on the axis I(n) 
 
 6 
The model of the cascade shower in the form of a current, modulated in   
amplitude  
The radiation  field  of  the  whole  shower  is  the  sum of  the  fields  of  the  excessive  
electrons.  The modern computing systems allow us to count the number of excess 
electrons  at  any  stage  of  the  shower,  their  energy  distribution,  spatial  distribution  and  
other parameters. To correct the addition of fields generated by each electron, one must 
know  the  phase  of  the  field  at  the  observation  point. Depending on how well the 
dependence of the phase of the electromagnetic field on the above parameters was 
found, one can get all sorts of energy spectra of the radio pulse, including 
parameterization (3-5), too. 
           The spectrum of an electron moving with constant velocity on a limited interval 
L is a good example of the source of the radio pulse, whose spectrum is practically 
unlimited. We write the current density, generated by single electron moving uniformly 
along the axis with speed vr , in the form of  
)'y()'x()vt'z(ve)t,'r(j dd-d= rr
r
, where 'zk'yj'xi'r
rrrr ++=  is a radius-vector of some point. 
The Fourier component can be found using the expression 
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Far from the source at a distance r the vector potential can be found as [14] 
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We finally obtain for the spectrum I(w) of the radio-signal     
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where b=v/c is the relative velocity of the charge, n - index of refraction of the medium 
and q - observation angle.  The spectrum (6) decreases with increasing frequency 
during the observation at any angle. This signifies, in particular, that in case of 
unsuccessful addition of fields of individual electrons one can obtain spectra similar to 
(3-5).  
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However, another approach to the problem of the addition of fields is possible. For 
example, calculating the radiation field from the conductor, we do not watch the phases 
of a single electron, it is sufficient to know the function of current density at each point 
of the conductor. The motion of a charged disk of the cascade shower in this method is 
a current, too. The radiation field in this case can be found if one knows the cascade 
function. Some help can be obtained from using the information on the angular 
distribution  of  electrons  in  relation  to  the  axis  of  the  shower,  since  the  sum  of  the  
transverse components of current densities of excess electrons does not contribute to the 
radiation field. However, the use of angular distribution seems to be important only at 
later stages of a shower which does not contribute substantially to current density 
function.  
In line with this we express the current density caused by the motion of the cascade 
disk and obtain the radiation field according to the laws of classical electrodynamics. 
The cascade function in this case will act as the modulator of current. To make clear an 
example of this and avoid any connection with software of computer systems we define 
the cascade function in the form of approximation of analytical solution [15].  
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where vt'z =  - the depth of the shower in meters, cr0 W/Wln=a , 0W  - total energy 
of the shower, crW  - critical energy of electrons in the lunar regolith, m14.0z0 »  
radiation length in meters.  
       Here are a few observations concerning the validity of the use of expression (7). It 
is known that to calculate the cascade functions one generally uses modern software 
systems, which take into account the LPM effect for dense media at high initial 
energies.  Using  the  full  set  of  the  results  in  this  paper  for  the  problem  is  hardly  
advisable, primarily for reasons related to the use of unnecessarily large computational 
resources. In addition, an analytical solution retains the ability to verify the results of 
virtually  every  step  of  the  solution.  Therefore  it’s  more   useful  to  parameterize  the  
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numerical calculations in the form of simple expressions, correctly displaying  
numerical solutions in a certain range of values of the variables. 
      To solve this problem an approximation of the cascade function must be made in 
such  a way that it would retain the properties of the numerical solution, on which the 
basic parameters of the radio pulse depend. In this case it’s, at least, the radiation pattern 
width at half maximum (ie, angular "thickness" of the Cherenkov cone) and the energy 
spectrum of the radio pulse. These parameters, in turn, are linked with an effective 
length of the cascade shower L (that is the path traversed by the disk at the ends of 
which the number of particles in the shower is 2-3 times less than at the maximum) and 
with a characteristic transverse size of the shower on this section of the route. To some 
extent (but not a decisive one) the spectrum is dependant on the shape of the cascade 
function within the interval L. 
        For  example,  we  know  from  classical  electrodynamics  that  the  width  of  the  
radiation pattern of one-dimensional current system directly depends on its size. 
Likewise, the length of the small charge’s trajectory form the diagram of Cerenkov 
radiation. The size of a charged body almost completely determine the radiation 
spectrum. 
In this paper, we use as cascade function expression (7), which is a simplified 
version of the approximation [15]. 
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where c - the depth of the shower in avalanche units. In expression (1) we take into 
account that the quantity )r/rln(x M=  is small in comparison with c+2a. Factor D 
does not affect the maximum number of particles in the shower, but an effective path of 
a cascade shower is totally dependent on it. According to the parameterization of 
numerical calculation of one-dimensional cascade function, the effective length of a 
cascade shower in the lunar regolith is equal to [16] 
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At energy eV10W 220 =  the length is equal to L=14 avalanche regolith units or  
m82.1)/X(14L 0 =r´=  for   3cm/g7.1=r  and 20 cm/g1.22X = . For such value 
of L factor D in expression (1) corresponds to 2. Radiation unit of length 
2
0 cm/g1.22X =  and regolith volume density 3cm/g7.1=r  are not exactly 
determined values and depend on local conditions at the Moon’s surface.  That’s why 
real D may be much different than D=2. Besides, one must add that we may put an 
arbitrary value for D and obtain results for any effective length of the shower.  
Radial distribution of particle density of the cascade disk in relation to the cascade 
shower axis is random. In order to make the model closer to real characteristics one can 
choose normal distribution  law over radius r, the fact that in its main features is 
confirmed by experimental measurements in extensive air showers   
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The value 1r  plays  the  role  of  the  root-mean-square  radius  and  is  determined  by  the  
condition in which a cylinder of length 2b and radius mr  contains half of the particles.  
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10 e1br4br2  or 177.1r/r 1m = , i.e. 1r  - is the radius of the 
circle that contains about half of the particles of the disc. Let us divide the charged body 
having cylindrical symmetry into elementary volumes ''dV , each of which moves along 
the Z axis with the same velocity vez
r  (v ~ c) and all the way through the magnitude of 
each of the elementary charges of the system "dV)"z,"y,"x(r  is modulated in 
amplitude by the factor (7).  
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 Inside the body we use frame of reference )''Z,''Y,''X(  and each of the elements 
''dV  has coordinates )"z,"y,"x( . Then the charge density created by the element ''dV  at 
some point )'z,'y,'x(  is equal to  
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where "zk"yj"xi"r
rrrr ++= . We use delta function for describing the charge density. The 
expression  (9)  shows  that  only  within  an  infinitesimal  element  "dV  at  the  
time v/)''z'z(t -=  the current density is not zero. 
The Fourier component of the charge density (9) is equal to 
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The observer is at a distance much larger than the size of the system of charges, so 
the vector potential created by the element "dVr  in accordance with (10), can be 
written as [14] 
ò
ò
¥
¥-
+-q-a
a---
-
-
-a
a----w-
r
p
m=
=-d-drp
m=w
'dzeeee
r4
e"dVe
'dVe)"y'y()"x'x(eee
r4
e"dVe),r(Ad
)''nyk''nxk(icos'iknzz3
)]z"z('z[
)''z'z(ikr2
''r
0
iknr
0
z
'V
'rkinz3
)]z"z('z[
)''z'z(
v
ir2
''r
0
iknr
0
z
yx
2
0
2
0
2
1
2
2
0
2
0
2
1
2
r
rrr rr
(11) 
where 'dz'dy'dx'dV =  - stationary element with coordinates ( 'z,'y,'x ),  r - the distance 
from the origin of (X,Y,Z) to the observer.  Let’s rotate the unprimed coordinate system 
(X,Y,Z) so that the wave propagation vector projection k
r
 on the plane (X,Y)  coincided 
with the X-axis, and the axes )''Z,''Y,''X(   coincided  with  (X,Y,Z)  axes.  Then  
0"nyk y = , ,sinkk x q=  and j= cosr"x . 
Let’s write (11) as 
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(12) 
where p=(1-bncosq) and b=v/c»0.9998»1 - relative velocity of the disk. The integral in 
this expression is equal to ]4/zpk3exp[3z 20
22
0 a-ap . 
 Let’s find the vector potential of the whole shower in cylindrical coordinates (see 
Fig.4) as the sum over the whole elements of dzdrrd"dV j= . 
              
Fig. 4. Details for calculation of the vector potential in cylindrical coordinates 
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Finally we find the dependence of intensity of the signal on the frequency (k=nw/c) and 
the angle 22 |Arot||B~|),k(I
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Fig. 5. The energy spectra of radiation [13]  - curve 1, for the expression 
 (13) -  curve 2 and  for a cube-shaped body (14) - curve 3.   The scales on 
 axis I(n)  arbitrary  
 
In Fig. 5 (curve 2) in relative units the spectrum (13) is shown with typical values 
a=33, m14.0z0 = , m10b 3-= , m06.0r1 = , n=1.7, q=0.942 (the Cherenkov angle). 
The maximum is reached at a frequency of 0.56 GHz. At a frequency of ~ 2.5 GHz the 
intensity falls by nearly 6 orders of magnitude. Field E (t) as a function of time is shown 
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in Fig.2 (curve 2). Pulse duration between the maximum and minimum is 0.55 ns. For 
curve 1 (according to expression (2)), this value is 0.08 ns. 
 It may seem that the spectrum shown in Fig. 5 (curve 2), is the result of selection 
of the cascade function or of a definite choice of the normal distribution over the 
particle radius (7-8). However, it is easy to see that even in the case when we choose a 
constant instead of the cascade function (this assumption can only enrich the spectrum 
with high frequencies) and assume that the density distribution over the volume of the 
body "V  remains unchanged, we get a spectrum close to the one in (13). The curve 3 in 
Fig. 5 in relative terms is the spectrum of a homogeneously charged body, cube-shaped 
with side b=0.06 m, moving uniformly on the segment 2L=1.6 m in a matter with n=1.7. 
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The maximum of this spectrum (14) is at a frequency of 0.8 GHz. At 2.5 GHz the 
intensity decreases by three orders of magnitude. The motion of a body in the form of a 
cube has nothing common with the one of the cascade shower except its super-light 
velocity, but the spectrum (14) is very close to (13). Therefore, a sharp decline in the 
closest region to the maximum field is rather a rule than a coincidence.  
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